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Abstract
In this paper, we consider the Euler–Poisson equations governing the evolution of the gaseous stars
with the Poisson equation describing the energy potential for the self-gravitating force. By assuming
that the initial density is of compact support in RN , we first give a family of blowup solutions for
non-isentropic polytropic gas when γ = (2N − 2)/N which generalizes the known result for the
isentropic case. Then we extend the previous result on non-blowup phenomena to the case when
(2N − 2)/N  γ < 2 in N-dimensional space. Here γ is the adiabatic gas constant.
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1. Introduction
There is an interesting phenomena in astrophysics called core collapse. In the model
of Euler–Poisson equations describing the evolution of gaseous stars, one can construct
explicit examples describing this kind of blowup phenomena in some special setting. In
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296 Y. Deng et al. / J. Math. Anal. Appl. 286 (2003) 295–306this paper, we are going to generalize the previous results in this direction to the non-
isentropic case and any dimensional space.
The system of Euler–Poisson equations is the following:
∂ρ
∂t
+ div(ρv)= 0,
∂(ρv)
∂t
+ div(ρv⊗ v)+∇P =−ρ∇Φ,
st + div(sv)= 0, (1.1)
∆Φ =N(N − 2)ωNgρ, (1.2)
where t  0, x ∈ RN , N  3, ρ = ρ(t, x) is the density, v = v(t, x) ∈ RN is the velocity,
Φ =Φ(t, x) is the potential for the self-gravitational force, g is the gravitational constant,
ωN is the measure of the unit ball in RN , s is the entropy and P is the pressure. Here we
assume the equation of state for a barotropic gas:
P =Kργ es, γ = const > 1. (1.3)
In the following discussion, we assume that the support of the gas is compact initially
and we will study whether or not the support of the density will collapse to a single point
in finite time which corresponds to the core collapse phenomena in astrophysics. When
N = 3, the system (1.1) and (1.2) comes from astrophysics as a model to describe the hy-
drodynamic evolution of the internal structure of the self-gravitational gaseous stars. The
system (1.1) is compressible Euler equations with gravitational force, while the gravita-
tional potential is determined through the Poisson equation (1.2) by the density distribution
of the gas itself. The adiabatic exponent γ has different value in different physical setting,
such as γ = 5/3 for monatomic gas, 7/5 for a diatomic gas and γ → 1+ for heavier mole-
cules, cf. [2,7].
The stability of the stationary solutions to the above system was studied long time ago.
By the Chandrasekhar’s and Eddington’s variational principles [1], one can see that the
stability depends on the adiabatic constant γ in the linearization setting. That is, when
N = 3, the stationary solution is stable when γ > 4/3, while it is unstable when γ  4/3.
A complete proof of this physical conjecture mathematically is not yet known. However,
a family of blowup isentropic solutions were constructed under the assumption of spher-
ical symmetry for the case when N = 3 with γ = 4/3, cf. [8]. Recently, the non-blowup
phenomenon was discussed in the case when N = 3 and 4/3 γ < 2 in [4].
Motivated by these works, we will first consider blowup solutions with spherical sym-
metry for non-isentropic flow. In this case, the density and the velocity are functions of
time t and radius r = |x|, i.e.,
ρ = ρ(t, r), v = x
r
u(t, r), s = s(t, r).
The result can be stated in the following theorem.
Theorem 1.1 (Non-isentropic blowup solution). When N  3 and P = Kesρ(2N−2)/N ,
there exists a family of non-isentropic solutions (ρ, v, s)(t, r) in the form of
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{
δ
a(t)N
y
1
σ−1
(
r
a(t)
)
, r < a(t)zµ,
0, r  a(t)zµ,
v(t, r)= a˙(t)
a(t)
rφ
(
r
a(t)
)
,
s = ln
(
δσ−
2N−2
N y
Nσ−(2N−2)
N(σ−1)
(
r
a(t)
))
,
where
δ =
[
N(N − 2)(σ − 1)ωNg
σK
] 1
σ−2
,
σ > 1 is a constant, andµ 0 is a sufficiently small non-negative constant, zµ is a positive
constant depending only on µ, φ is a smooth cut-off function such that φ(z) = 1 for 0 
z zµ and φ(z)= 0 for 2zµ  z <+∞. Here, a = a(t) and y = y(z) satisfy the following
two ordinary differential equations, respectively,
d2a(t)
dt2
=− λ
aN−1
, a(0)= a0 > 0, a˙(0)= a1, (1.4)
and
d2y
dz2
+ N − 1
z
dy
dz
+ y 1σ−1 = µ, y(0)= 1, y ′(0)= 0, (1.5)
where
λ= (N − 2)ωNgµ
[
N(N − 2)(σ − 1)ωNg
σK
] 1
σ−2
. (1.6)
When the initial data satisfy
a1 <
√
2λ
N − 2 a
(2−N)/2
0 ,
then the above solutions collapse at the origin in finite time.
When σ = (2N − 2)/N , the above solutions for the isentropic flow coincide with those
obtained in [8] when N = 3. We include it in the following corollary for the convenience
of the readers.
Corollary 1.2 (Isentropic blowup solution). Assume N  3 and P = Kρ(2N−2)/N ; there
exists a family of isentropic solutions (ρ, v)(t, r) with spherical symmetry in the form of
ρ(t, r)=
{
δ
a(t)N
y
N
N−2
(
r
a(t)
)
, r < a(t)zµ,
0, r  a(t)zµ,
v(t, r)= a˙(t) rφ
(
r
)
,a(t) a(t)
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δ =
[
(2N − 2)K
N(N − 2)2ωNg
]N
2
,
µ  0 is a sufficiently small positive constant, zµ is a positive constant depending only
on µ, φ is a smooth, cut-off function such that φ(z) = 1 for 0  z  zµ and φ(z) = 0
for 2zµ  z < +∞. Here a = a(t) and y = y(z) satisfy the ordinary differential equa-
tions (1.4) and (1.5) with σ = (2N − 2)/N , respectively, and
λ= (N − 2)ωNgµ
[
N(N − 2)2ωNg
(2N − 2)K
]−N
2
.
When the initial data satisfy
a1 <
√
2λ
N − 2 a
(2−N)/2
0 ,
the above solutions collapse at the origin in finite time.
When (2N − 2)/N  γ < 2, the non-blowup phenomena under the assumption of
conservation of total mass and energy can be proved in the following theorem as a gen-
eralization of the case when N = 3 obtained in [4].
Theorem 1.3 (Non-blowup phenomena). When P =Kργ with (2N − 2)/N < γ < 2 for
isentropic flow, there is no solutions which blowup in finite time with finite mass. This is
true also when γ = (2N − 2)/N and the total mass is less than the critical mass
Mc =
(
K
(N − 2)2ωNg
)N
2
M1−N(2N−2)/N .
HereM(2N−2)/N is the Marcinkiewicz interpolation constant.
Notice that the blowup solution for γ < (2N − 2)/N is not known even though it can
be predicted by the linear theory and the numerical computation. Furthermore, there is
no even general local existence result for initial data of compact support satisfying the
vacuum boundary condition like the one of stationary solutions, cf. [6,8] and reference
therein. Therefore, the large time behavior of the solutions to Euler–Poisson equations is
still a difficult and open problem. Theorems 1.1 and 1.3 will be proved in the following
Sections 2 and 3, respectively.
2. Non-isentropic blowup solution
In this section, we will give a family of blowup solutions for non-isentropic flow under
the assumption of spherical symmetry. In this case, the system (1.1)–(1.2) can be rewritten
as
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∂t
+ u∂ρ
∂r
+ ρ ∂u
∂r
+ N − 1
r
ρu= 0, (2.1)
ρ
(
∂u
∂t
+ u∂u
∂r
)
+ ∂P
∂r
+ ρ ∂Φ
∂r
= 0, (2.2)
st + usr = 0, (2.3)
∂2Φ
∂2r
+ N − 1
r
∂Φ
∂r
=N(N − 2)ωNgρ. (2.4)
In the following, we let γ = (2N − 2)/N .
Equation (2.4) yields
∂Φ
∂r
= N(N − 2)ωNg
rN−1
r∫
0
ρ(t, s)sN−1 ds.
This with (2.2) gives
ρ
(
∂u
∂t
+ u∂u
∂r
)
+ ∂P
∂r
+ N(N − 2)ωNgρ
rN−1
r∫
0
ρ(t, s)sN−1 ds = 0. (2.5)
Motivated by [8], we now look for a family of self-similar solutions in the form of
ρ(t, r)= δ
a(t)N
y
1
σ−1
(
r
a(t)
)
, (2.6)
u(t, r)= a˙(t)
a(t)
r, (2.7)
s = ln(δσ− 2N−2N y Nσ−(2N−2)N(σ−1) ), (2.8)
where “·”= d/dt and
δ =
[
N(N − 2)(σ − 1)ωNg
σK
] 1
σ−2
with σ > 1 being a constant.
For γ = (2N − 2)/N , if a = a(t) > 0 and y = y(z) 0 satisfy (1.4) and (1.5), respec-
tively, then it is straightforward to check that (ρ,u, s) defined by (2.6)–(2.8) is a solution
of (2.1)–(2.4) with λ being an arbitrary constant, and µ given by (1.6).
The behavior of the solution y(z) of the problem (1.5) near z = 0 can be stated in the
following lemma.
Lemma 2.1. There exists a sufficiently small z0 such that (1.5) has a solution y = y(z,µ) ∈
C2[0, z0], which is unique in C[0, z0].
Proof. The lemma can be proved by fixed point theorem. Multiplying (1.5) by zN−1 gives(
zN−1y ′(z)
)′ = zN−1(µ− y 1σ−1 (z)).
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y ′(z)= z1−N
z∫
0
ξN−1
(
µ− y 1σ−1 (ξ)) dξ.
By using y(0)= 1, the problem (1.5) is reduced to{
y ′(z)= z1−N ∫ z0 ξN−1(µ− y 1σ−1 (ξ)) dξ,
y(0)= 1.
Set
f
(
z, y(z)
)= z1−N
z∫
0
ξN−1
(
µ− y 1σ−1 (ξ)) dξ.
Then for any z0 > 0, f ∈C1[0, z0] and for any y1, y2 ∈C2[0, z0], we have, when σ > 1,
∣∣f (z, y1(z))− f (z, y2(z))∣∣= z1−N
∣∣∣∣∣
z∫
0
ξN−1
(
y
1/(σ−1)
2 (ξ)− y1/(σ−1)1 (ξ)
)
dξ
∣∣∣∣∣
= z1−N ∣∣y1/(σ−1)2 (τ )− y1/(σ−1)1 (τ )∣∣
z∫
0
ξN−1 dξ = z
N
∣∣y1/(σ−1)1 (τ )− y1/(σ−1)2 (τ )∣∣
 z0
N
∣∣y1/(σ−1)1 (τ )− y1/(σ−1)2 (τ )∣∣ L sup
0zz0
∣∣y1(z)− y2(z)∣∣,
where τ ∈ [0, z] ⊆ [0, z0] and L<+∞ is large constant.
Let
Ty(z)= 1+
z∫
0
f
(
s, y(s)
)
ds.
We have Ty ∈C[0, z0] and
∣∣Ty1(z)− Ty2(z)∣∣=
∣∣∣∣∣
z∫
0
f
(
s, y1(s)
)
ds −
z∫
0
f
(
s, y2(s)
)
ds
∣∣∣∣∣
 Lz0 sup
0zz0
|y1 − y2|.
By choosing z0 > 0 sufficiently small so that Lz0 < 1, this shows that T :C[0, z0] →
C[0, z0] is a contraction with sup-norm. By the fixed point theorem, there exists a unique
y(z) ∈ C[0, z0] such that Ty(z)= y(z). This completes the proof of the lemma. ✷
On the other hand, since there exists z1 > 0 such that y(z1,0) < 0 and y ′(z,0) < 0
for 0 < z < z1, the standard theory of ordinary differential equations yields the following
lemma on the behavior of y(z,µ) when z ∈ [z0, z1], cf. [3].
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solution y(z,µ) exists on [z0, z1] satisfying y(z1,µ) < 0, y ′(z,µ) < 0 for z0  z z1.
Since y(z0,µ) > 0 while y(z1,µ) < 0, there exists zµ ∈ (z0, z1) such that y(zµ,µ)= 0
with y(z,µ) > 0 in [0, zµ). Set
ρ(t, x)=
{
δ
a(t)N
y
1
σ−1
( |x|
a(t)
,µ
)
, |x|< a(t)zµ,
0, |x| a(t)zµ,
v(t, x)= a˙(t)
a(t)
xφ
( |x|
a(t)
)
.
s = ln
(
δσ−
2N−2
N y
Nσ−(2N−2)
N(σ−1)
(
r
a(t)
))
.
Here δ and φ are defined in Theorem 1.1. For λ  0, let [0, T ) be the largest interval of
existence of positive solutions to (1.4). The following lemma gives the condition on the
initial data for T to be finite.
Lemma 2.3. If the initial data in (1.4) satisfies
a1 <
√
2λ
N − 2 a
(2−N)/2
0 ,
then T <+∞ and a(T−)= 0.
Proof. We first consider the case when
|a1|<
√
2λ
N − 2 a
(2−N)/2
0 .
In this case, by (1.4), we have
1
2
(a˙)2 = λ
N − 2a
2−N − θ,
where
θ = λ
N − 2a
2−N
0 −
1
2
a21 > 0.
On the phase diagram, one can see that there exists a finite time t0 such that a′(t) < 0 for
t > t0 with a(t0) (λ/(N − 2)θ)1/(N−2).
Thus, when t > t0, we have
a˙ =−
√
2λ
N − 2a
2−N − θ.
Hence,
t = t0 +
t∫
t
dt = t0 −
a∫
da√
2λ a2−N − θ
 t0 +
a(t0)∫ √
N − 2
λ
a
N−2
2 da <∞.
0 a(t0) N−2 0
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On the other hand, if
a1 <−
√
2λ
N − 2 a
(2−N)/2
0 ,
then (1.4) implies a(t) is concave in the interval [0, T ). Hence, we have a′(t) < a1 < 0
which implies limt→T− a(t) = 0 for finite T . Therefore, this completes the proof of
lemma. ✷
Proof of Theorem 1.1. Lemmas 2.1–2.3 imply that the support of the density function ρ
collapses at the origin in finite time t = T . Therefore, the density at the origin ρ(t,0) =
δ/a(t)N →+∞ as t → T−. And this completes the proof of the theorem. ✷
3. Non-blowup phenomenon
In this section, we are going to prove Theorem 1.3. Recall that for isentropic flow,
P = Kργ is proportional to the density function to the power γ > 1. When the core col-
lapse occurs, the integral of the pressure function tends to infinity. Thus, conversely, the
collapse does not occur if the integral of the pressure function is uniformly bounded. By
applying the Hardy–Littlewood–Paley inequality, we can obtain the uniform bound of the
integral of the pressure for the case when γ > (2N − 2)/N and also for the case when
γ = (2N − 2)/N with total mass less than a critical value. This generalizes the previous
result on the case N = 3 in [4].
The Hardy–Littlewood–Paley inequality can be stated as follows, cf. [5,9].
Hardy–Littlewood–Paley inequality. If 1 < γ  2 and f ∈ Lγ (RN), then there exists a
Marcinkiewicz interpolation constantMγ such that( ∫
RN
∣∣fˆ (ξ)∣∣γ |ξ |N(γ−2) dξ
) 1
γ
Mγ ‖f ‖γ , (3.1)
where fˆ (ξ) denotes the Fourier transformation of f (x).
We will first estimate the upper bound for the integral of pressure function for the case
γ > (2N − 2)/N . This estimate immediately gives the lower bound of the support of the
density function.
Lemma 3.1. When P =Kργ with γ > (2N − 2)/N , let (ρ, v,Φ) be the solution of (1.1)
and (1.2) with finite total energy E, total mass M . Then, we have∫
RN
P dx  C1(M,E,γ ) (3.2)
and ∣∣Ω(t)∣∣ C2(M,E,γ ), (3.3)
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Ω(t) represents the support of the density function and |Ω(t)| is its measure.
Proof. We first consider the case when (2N − 2)/N < γ < 2. By taking Fourier transfor-
mation on (1.2), we obtain
Φˆ(ξ)=−N(N − 2)ωNg ρˆ(ξ)|ξ |2 .
Then the gravitational potential can be estimated as follows:
−
∫
RN
ρ(x)Φ(x) dx =N(N − 2)ωNg
∫
RN
|ρˆ(ξ)|2
|ξ |2 dξ
=N(N − 2)ωNg
∫
|ξ |>k
|ρˆ(ξ)|2
|ξ |2 dξ
+N(N − 2)ωNg
∫
|ξ |k
|ρˆ(ξ)|2
|ξ |2 dξ
 N(N − 2)ωNgM
2−γ
k2+N(γ−2)
∫
|ξ |>k
|ρˆ(ξ)|γ
|ξ |N(2−γ ) dξ
+N(N − 2)ωNgM2kN−3
∫
|ξ |k
1
|ξ |N−1 dξ
 N(N − 2)ωNgM
2−γMγγ
k2+N(γ−2)
∫
RN
ργ (x) dx
+N2(N − 2)ω2NgM2kN−2,
where k is a constant which to be determined later,
ωN = π
N/2
Γ (N/2+ 1)
is the volume of unit ball in RN and Γ is a Gamma function. Here we have used the
Hardy–Littlewood–Paley inequality and |ρˆ(ξ)| ‖ρ‖L1(RN) =M .
Notice that the total energy is conserved, that is,
E(t)=
∫
RN
(
1
2
ρ(x)
∣∣v(x)∣∣2 + 1
2
ρ(x)Φ(x)+ K
γ − 1ρ
γ (x)
)
dx ≡E(0)=E.
Hence, we have
K
γ − 1
∫
N
ργ (x) dx E − 1
2
∫
N
ρ(x)Φ(x) dxR R
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2(γ − 1)
∫
RN
ργ (x) dx + N
2(N − 2)ω2NgM2kN−2
2
,
where k is chosen to be large such that
N(N − 2)ωNgM2−γMγγ
k2+N(γ−2)
 K
γ − 1 .
Therefore, we have∫
RN
P dx =
∫
RN
Kργ (x) dx
 2(γ − 1)
[
E + N
2(N − 2)ω2NgM2kN−2
2
]
= C1(M,E,γ ).
When γ  2, the gravitational potential can be estimated as follows:
−
∫
RN
ρ(x)Φ(x) dx =N(N − 2)ωNg
∫
RN
|ρˆ(ξ)|2
|ξ |2 dξ
=N(N − 2)ωNg
∫
|ξ |>k
|ρˆ(ξ)|2
|ξ |2 dξ
+N(N − 2)ωNg
∫
|ξ |k
|ρˆ(ξ)|2
|ξ |2 dξ
 N(N − 2)ωNg
k2
∫
RN
ρ2(x) dx +N2(N − 2)ω2NgM2kN−2
 N(N − 2)ωNg
k2
(
γ − 2
γ − 1M +
1
γ − 1
∫
RN
ργ (x) dx
)
+N2(N − 2)ω2NgM2kN−2
 K
γ − 1
∫
RN
ργ (x) dx + N(N − 2)ωNg
k2
γ − 2
γ − 1M
+N2(N − 2)ω2NgM2kN−2
= C1(M,E,γ ),
where k is chosen to satisfy N(N − 2)ωNg/k2 K .
The lower bound for the support of the density function follows from the finite total
mass and the above uniform bound on the integral of the pressure:
M =
∫
RN
ρ(t, x) dx 
∣∣Ω(t)∣∣ γ−1γ
( ∫
RN
ργ (t, x) dx
) 1
γ

∣∣Ω(t)∣∣ γ−1γ (K−1C(M,γ )) 1γ ,
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∣∣Ω(t)∣∣ [ M
(K−1C(M,γ ))1/γ + 1
] γ
γ−1 = C2(M,E,γ ).
This completes the proof of the lemma. ✷
Lemma 3.2. Assume P =Kρ(2N−2)/N , (ρ, v,Φ) is a solution to (1.1) and (1.2)with s = 0
and finite total energy E and total mass M . Then there exists a critical mass
Mc =
(
2K
(N − 2)2ωNg
)N
2
M1−N(2N−2)/N,
such that if the total mass M <Mc , then we have∫
RN
P dx  C1(M,E),
∣∣Ω(t)∣∣ C2(M,E),
where C1(M,E),C2(M,E) are constants depending only on E and M , and Ω(t) is de-
fined in Lemma 3.1.
Proof. As in the proof of Lemma 3.1, when M <Mc, we have
−
∫
RN
ρ(x)Φ(x) dx =N(N − 2)ωNg
∫
RN
|ρˆ(ξ)|2
|ξ |2 dξ
N(N − 2)ωNgM 2NM(2N−2)/N(2N−2)/N
∫
RN
ρ
2N−2
N (x) dx
<
2NK
N − 2
∫
RN
ρ
2N−2
N (x) dx.
This together with the conservation of total energy imply that estimates in the lemma
hold. ✷
Finally, notice that Theorem 1.3 is a direct consequence of the Lemmas 3.1 and 3.2 and
this completes the proof of the theorem.
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